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the transition observed by DSC a t  150° and is tentatively 
assigned to  motions accompanying the glass transition of 
the “stereocomplex” postulated to  occur in these polymers, 
composed of isotactic and syndiotactic chains. 

The only previous report of activation energies for po- 
ly(methy1 a-chloroacrylates) is for the “conventional” free- 
radical polymer which can be assumed to be reasonably 
~yndi0tact ic . l~ The values quoted are 130 kcal/mol for the 
a relaxation and 26 kcal/mol for the /3 relaxation. The pres- 
ent  results (Table 11) are in qualitative agreement with 
these values. In general the activation energies for the a re- 
laxations decrease with increasing ester side-chain length 
or bulkiness and the isotactic isomers have a relaxation ac- 
tivation energies about 35-50 kcal/mol lower than the com- 
parable syndiotactic isomers. 

Conclusions 
(1) The Tg’s of stereoregular poly(alky1 a-chloroacry- 

lates) are strong functions of tacticity and can be rational- 
ized, to  a first approximation, on the basis of the previously 
proposed theory.6 

(2) Evidence exists for the presence of a stereocomplex 
composed of a combination of isotactic and syndiotactic 
poly(methy1 a-chloroacrylate). 

(3) Crystallinity can be observed for the highly isotactic 
poly(alky1 a-chloroacrylates) and appears to  be analogous 
to  the behavior of isotactic poly(alky1 methacrylates). 

(4) The relaxation behavior accompanying the glass tran- 
sitions in stereoregular poly(alky1 a-chloroacrylates) is gen- 

erally in accord with previous results on atactic polymers. 
(5) The secondary or /3 relaxation, assigned to  motions of 

the ester side group, is a minor feature dielectrically in con- 
trast to  the behavior of the poly(alky1 methacrylates). 
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ABSTRACT: Depolarized Rayleigh spectra and integrated intensities of atactic polystyrenes in solution have been 
measured as a function of molecular weight. All spectra (except a t  the lowest molecular weights) consisted of two 
components of roughly equal intensity. The relaxation time of the narrow component increased rapidly with molec- 
ular weight. This time is approximately equal to one-half the relaxation time of the longest wavelength mode of a 
Rouse-Zimm chain. The relaxation time of the broad component is roughly independent of molecular weight and 
can be related to the internal relaxation time of the individual phenyl groups on the chain. The total integrated de- 
polarized intensities agree fairly well with those calculated by rotational isomeric state models (except for an excess 
intensity a t  high molecular weight). 

I. Introduction 

The study of the dynamics of macromolecules has long 
been an important branch of polymer science. Measure- 
ments of the translational and rotational motion of macro- 
molecules have been important, for instance, in elucidating 
the structure of macromolecules in solution. The study of 
the intramolecular dynamics is not only important in 
studying macromolecular structure but is also of impor- 
tance in determining viscoelastic and macroscopic mechan- 
ical properties of macromolecules. A knowledge of the in- 
trachain dynamics at  the molecular level would be invalu- 
able in designing polymer systems with specific desired 
macroscopic properties. Unfortunately, however, there are 
few methods which may be used to probe these dynamic 
processes for macromolecules in solution, especially a t  high 

frequencies. Techniques such as dynamic viscosity and flow 
and electric birefringence are valuable a t  lower frequencies. 
Dielectric dispersion is currently the method most widely 
used over a wide frequency range, while NMR and EPR 
promise to be of great use. Clearly, complementary tech- 
niques for probing these motions are needed. In this article, 
we describe a new probe, depolarized Rayleigh scattering 
spectroscopy. 

Rayleigh scattering total intensity measurements are 
routinely used to study equilibrium properties of polymers 
in solution, For instance, the isotropic Rayleigh component 
intensity is often measured to obtain molecular weights, 
radii of gyration, and solution virial coefficients of macro- 
mo1ecules.l More recently, the much weaker depolarized 
intensities have been used to study the local conformation 
of polymer  chain^.^^^ Modern light beating and interferom- 
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etric techniques have made it possible to  study the spectral 
distribution of scattered light as well as integrated intensi- 
ties.4 The spectral distribution of the isotropic component 
of the scattered light from polymers is now regularly used 
to determine translational diffusion coefficients. For very 
large molecular weight samples, it is possible, by using both 
polarized and depolarized Rayleigh spectroscopy, to ob- 
serve long wavelength intramolecular  relaxation^.^^^ De- 
spite the widespread use of various Rayleigh scattering 
techniques in polymer problems, however, there have been 
no studies of local intramolecular relaxation processes by 
depolarized Rayleigh spectroscopy. This article presents 
the first successful application of this technique to the 
study of fast local relaxation processes of flexible coil mole- 
cules in solution. We have also studied the slower long 
wavelength intramolecular relaxations. 

Depolarized Rayleigh spectra have been measured for a 
wide variety of small  molecule^.^-^ I t  has been found that 
the depolarized spectra of small molecules are primarily 
determined by overall molecular rotational motion. We 
might expect then, that the spectra of polymers in solution 
might also be dependent on overall tumbling times and in 
addition in the case of flexible polymers, on relaxations of 
long wavelength intramolecular modes. Since most polymer 
chains are composed of optically anisotropic subunits, the 
spectra may also be sensitive to local conformational 
changes that alter the laboratory-fixed polarizability. Since 
the relevant quantity in depolarized light scattering experi- 
ments is the laboratory-fixed optical polarizability, the de- 
polarized spectra may be determined by overall molecular 
tumbling, or various intramolecular relaxation processes, or 
both, depending upon the coupling between the molecular 
relaxation processes and the molecular optical anisotropy 
and also upon the relative magnitude of the relaxation 
times of the various processes. For instance, if a particular 
intramolecular motion has no change in laboratory-fixed 
polarizability associated with it, it would not contribute to  
the depolarized spectrum. I t  is very difficult to predict the 
particular resultant depolarized spectrum for any given 
flexible polymer on the basis of existing dynamical models. 
The only detailed predictions of the depolarized spectra for 
flexible coils have been given by Ono and Okano for the fa- 
miliar Rouse-Zimm chain model.1° They found that the 
spectrum should consist of a sum of Lorentzians whose line 
widths are determined by the relaxation times of the nor- 
mal modes. The Rouse-Zimm chain model, however, does 
not include local intramolecular relaxation processes, and, 
as we discuss below, the model does not agree with our ex- 
perimental results for polystyrenes in solution. 

In order to test the feasibility of using depolarized Ray- 
leigh spectroscopy to study relaxation of polymers in solu- 
tion and to determine the nature and magnitude of these 
relaxation times, we have measured the depolarized Ray- 
leigh spectra of atactic polystyrenes in solution over the 
molecular weight range 2,200-2,000,000 using a spherical 
Fabry-Perot interferometer as a predetection filter. Depo- 
larized correlation functions for the highest molecular 
weight samples were also measured using optical mixing 
techniques. We chose polystyrene for the following reasons: 
narrow fraction molecular weight samples are readily avail- 
able; its monomer unit has a large optical anisotropy; and 
its physical properties have been studied in great detail. 
Physical techniques that have been used to study polysty- 
rene include both isotropic' and depolarized light scatter- 
ing integrated intensities, isotropic Rayleigh scattering 
spectral d e n ~ i t i e s , ~  NMR relaxation," EPR lineshapes,12 
dielectric relaxation (on substituted polystyrenes),13J4 and 
acoustic absorption.15J6 The solvents used in our study are 

CC14, 1,1,2,2-tetrachloroethane (TCE), and benzene. 
Spherical Fabry-Perot interferometry is the method of 
choice for determining line widths greater than 1 MH2.l' 
Optical mixing was employed for line widths less than 100 
kHz. In general the signal-to-noise ratio for interferometry 
was much higher than for the optical mixing techniques. 

We have found that the depolarized spectra of the poly- 
styrenes consist, in general, of the sum of two components: 
(1) a narrow molecular weight dependent component that 
can be associated with the relaxation time of a long wave- 
length intramolecular mode and (2) a broad, nearly molec- 
ular weight independent component which can be associ- 
ated with a local relaxation. For the two lowest molecular 
weights, the overall tumbling is faster than the local con- 
formation relaxation and only one component is observed. 
The relaxation time of the molecular weight dependent 
component is proportional to the product of the molecular 
weight, M, the intrinsic viscosity, [ q ] ,  and the solvent vis- 
cosity, qo. This is in agreement with the molecular weight 
dependence predicted by normal coordinate theories.18 The 
molecular weight independent component relaxation time 
is also proportional to 70 and can be related to the relaxa- 
tion times determined by NMR and EPR. 

11. Theory 
Pecora has formulated general expressions for the depo- 

larized Rayleigh spectral distribution from dilute solutions 
of macromolecules composed of optically anisotropic mo- 
nomer units in solvents consisting of optically isotropic 
m o l e ~ u l e s . ~ ~  A summary of these results is presented to 
provide a framework for the discussion of our experimental 
results. For the scattering geometry of ref 7-9, the depolar- 
ized spectral distribution a t  frequency change w ,  I v H ( ~ ) ,  is 
given by 

where A is a constant, p is the number density of polymer, 
and the correlation function Syr( t )  is given by 

n n  .. .. 
Sy,(t)  = c (ayzi ( t )  ay:(O) exp{iK.(r'(t) - r5(0))}) 

(2) 
i.1 j=l 

where n is the number of monomer units on a single chain 
and i and j are on the same chain, ayzi( t )  is the yz compo- 
nent of the laboratory-fixed polarizability of monomer unit 
i a t  time t ,  K is the scattering vector, and ri is the position 
of the i th  monomer unit. Equation 1 assumes that the poly- 
mer is dilute enough that pair correlations between differ- 
ent polymer molecules are negligible. The K dependent 
term can be safely ignored because its relaxation is negligi- 
ble over the time scale that ayzi( t )  relaxes. 

In general, calculation of S,,(t) is extremely difficult. We 
will evaluate two simple cases which serve to illustrate the 
main types of processes that may contribute to an actual 
spectrum. If the polymer is rigid in the sense that all intra- 
molecular relaxation processes are slow compared t o  overall 
motion, or if the intramolecular motions do not change the 
laboratory-fixed polarizability, S,, ( t )  may be written 

~ , , ( t )  = (a,'"'(t) a y , t o ' ( ~ ) )  e-6et ( 3) 
where ayztot is the yz component of the total polarizability 
of the polymer and 8 is the macromolecular rotational dif- 
fusion coefficient. For this model we would predict that 
I V H ( U )  consists of one Lorentzian with a half-width a t  half- 
height of 68. This rotational diffusion coefficient is a 
strong function of molecular weight. If, on the other hand, 
the monomer units of the polymer can reorient indepen- 
dently much faster than the overall tumbling time and if 
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the different monomer units are uncorrelated with each 
other (the correlated case is treated in the Appendix), then 
S,,(t) may be written as 

where T is the correlation time for internal relaxation. Thus 
for this model, I v ~ ( w )  consists of one Lorentzian with a 
molecular weight independent relaxation time 7. Of course 
neither of these models is very realistic for flexible poly- 
mers such as polystyrene. It could be possible to observe 
both types of relaxation in the same spectrum. This is be- 
cause internal relaxation is often constrained to  transitions 
between a few different configurations by barriers to inter- 
nal rotation and there may not be large polarizability an- 
isotropy changes associated with these motions. Thus the 
internal motion may not completely relax the laboratory- 
fixed polarizability. The residual anisotropy could be re- 
laxed by some overall molecular tumbling. 

The normal mode theories of Rouse and Zimm provide a 
framework for discussing relaxation times of polymers. The 
result of the Rouse-Zimm normal mode analysis is that  
there are m normal mode relaxation times in the polymer 
where m is the number of Kuhn statistical segments. The 
time autocorrelation function of the k t h  normal mode de- 
cays with time constant, rk,18 

~ , , ( t )  = n(a,,’(t) a y z i ( ~ ) )  cc (4) 

where the Ak are constants. For the free draining model A1 
= 0.608 and A k  = Al/k2. For the nondraining model A1 = 
0.422. As mentioned in section I, Ono and Okano have cal- 
culated the depolarized Rayleigh spectrum of a free drain- 
ing Rouse-Zimm chain. They predicted that the spectrum 
should consist of the sum of m equally intense Lorentzians 
where m is the number of normal modes of the chain. The 
relaxation time of each of the Lorentzians appearing in the 
spectrum is one-half the corresponding normal mode relax- 
ation time given in eq 5. In section IV we point out that 
this prediction does not agree with the experimental results 
for polystyrene. There are, in addition, several theories 
which calculate “average” rotational diffusion relaxation 
times for flexible polymers. Kirkwood and RisemanZ0 and 
Isihara2I find that 

Isihara has written eq 6 as follows 

r,, = ( 7) 

where D is the translational diffusion coefficient and ( R g 2 )  
is the mean square radius of gyration. The relationship be- 
tween these “rotational” times and the light scattering 
spectrum is uncertain. In addition to the above theoretical 
calculations, Monte Carlo calculations have provided much 
information about polymer dynamics and s t r ~ c t u r e . ~ ~ - ~ ~  
We discuss some of these models in section IV. 

Integrated depolarized intensities are a measure of aver- 
age local conformation. From eq 1 and 2, the total integrat- 
ed intensity can be written as 

IVH = A P  c n a , m  ~ , , j ( O U  ( 8) 

We define a quantity 1 + F which is a measure of the inter- 
nal static pair correlations of the polymer chain 

n n  

i.1 j = l  

where ( 7 2 )  is the mean-square optical anisotropy of the 
polymer and fl is the anisotropy of the monomer. It is possi- 
ble to measure this ratio directly without making absolute 
calibrations or refractive index  correction^.^^ I t  is also pos- 
sible to  calculate the ratio 1 + F using rotational isomeric 
state (RIS) theory. A review of this theory has recently 
been given by Flory.26 Briefly, one introduces monomer or 
bond anisotropies and various weighting factors involving 
the various polymer configurations into the theory and 
then calculates (y2) .  A usual result of RIS calculations for 
flexible coils is that  ( y 2 ) / M  approaches a constant for suf- 
ficiently large M.  RIS theory calculates the “intrinsic” an- 
isotropy of the polymer. Another type of anisotropy that 
can be important is “form anisotropy”.17 Form anisotropy 
arises in systems in which the refractive index of the poly- 
mer is different from that of the solvent and in which the 
polymer differs from spherical shape. The magnitude of the 
form anisotropy is proportional to the hydrodynamic vol- 
ume of the polymer ( u M [ q ] ) .  Thus, form anisotropy be- 
comes increasingly important as the molecular weight is in- 
creased. 

Values of F much different from zero indicate that there 
are significant orientational pair correlations between dif- 
ferent monomer units on the chain. The effects of this cor- 
relation on the light scattering spectrum can be calculated 
for a simple model using Mori’s statistical mechanical theo- 
ry of  fluctuation^.^^^^^ We8,29 and others30 have already ap- 
plied Mori theory to calculate the effect of pair correlations 
on the depolarized Rayleigh spectrum of liquids composed 
of “small” molecules (e.g., benzene and chloroform). These 
calculations can be easily extended to the case of correlated 
monomer units on a chain provided certain assumptions 
are made (see Appendix). The results are completely analo- 
gous to the small molecule case.8 When the time displaced 
correlation between the time derivatives of the orientations 
of different monomer units is negligible, the “collective re- 
laxation time”, rc, is related to the “single monomer relaxa- 
tion time”, is, by 

7, = (1 + F ) T 9  (10) 

Light scattering experiments measure the collective relaxa- 
tion time. The single monomer relaxation time can be mea- 
sured directly by other techniques (such as NMR and 
EPR). However, comparison of TLS  (=T,)  and TNMR (=is) 

via eq 10 is meaningful only when the relaxation is isotrop- 
ic or when the motion that relaxes the laboratory-fixed op- 
tical anisotropy also relaxes the C-H bond vector (which 
determines T N M R  in l3C NMR). When this condition is not 
satisfied, comparison of the two times (after correction for 
pair correlation) can be used to determine anisotropies in 
the internal motion. 

Dielectric relaxation times are also collective relaxation 
times but the static pair correlation term that affects di- 
electric relaxation is different from the 1 + F that occurs 
for light scattering. Experimental results indicate that the 
ratio analogous to 1 + F is 0.5-1.0 for dielectric relaxation 
measurements on para-substituted  polystyrene^.^^ Also 
since dielectric relaxation measures the relaxation of a 
first-order spherical harmonic while light scattering (and 
NMR and EPR) measures the relaxation of a second-order 
spherical harmonic, it is difficult to make meaningful con- 
clusions from a comparison of these two times even in the 
absence of pair correlations. For example, it  is predicted 
that for rotational diffusion, when no pair correlations are 
present, TDR = 37~55, while for Rouse-Zimm relaxations T D R  
= ~ T L S ,  and for some jump diffusion models when no pair 
correlations are present TDR S= T L S .  
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111. Experimental Section 
The general description of the interferometry apparatus used to 

obtain the depolarized spectra has been described previ~usly;~ 
however, due to narrow line widths and relatively weak signals in 
the depolarized scattering from the polystyrene solutions, a few 
modifications were necessary. The main modification was that for 
most of the spectra a set of spherical Fabry-Perot mirrors replaced 
the flat plates used in the previous work. The spherical mirrors 
had a radius of curvature of 10 cm (free spectral range = 750 MHz) 
and a reflectivity of 99.5%. The spherical mirrors were used be- 
cause they are superior to the flat plates in light gathering power, 
resolution, and stability in this frequency range. Typical instru- 
mental half-widths ranged from 5 to 7 MHz. A t  least half of this 
broadening is due to the line width of the laser. This width is prob- 
ably caused by very fast fluctuations in the single mode frequency 
induced by mechanical vibrations from flow of the cooling water in 
the laser tube. There was also a slow drift in the laser frequency 
caused by temperature variations, but this was negligible over the 
duration of a typical experiment. The instrumental line width was 
extremely stable (over a period of hours) so that small broadenings 
(1 MHz) could be measured. The instrumental line shape could be 
accurately described by a Voigt function with a ratio of Gaussian 
to Lorentzian fraction of around 2. In order to determine the true 
spectral width, the experimental spectrum had to be deconvoluted 
from the instrumental line shape. This was done by convoluting a 
typical instrumental line shape with a set of Lorentzians of varying 
widths and constructing a table relating the measured and theoret- 
ical half-width. For the M = 2200 sample the spectral line width 
was too broad for the spherical mirrors. For this sample the flat 
plates (set at a free spectral range of 4,100 MHz) were used. A fi- 
nesse of 70 was obtained using a 200 p pinhole in front of the pho- 
tomultiplier tube. A filter centered at 4880 8, with a width of 100 8, 
and a maximum transmission of 40% was used to remove unwanted 
fluorescence and Raman scattering. Also various aperatures were 
used in the collection geometry to remove unwanted stray light. 
Typically rates on the photon counter were <lo00 counts/sec. 

Translational diffusion coefficients were measured using homo- 
dyne optical mixing at a scattering angle of 19.5'. This technique 
has been discussed by many authors (see, for example, Cummins 
and Swinney).32 The output from the photomultiplier tube was 
preamplified and autocorrelated using a Saicor SAI-43A 400 point 
autocorrelator. Each correlation function fit well to one exponen- 
tial, and diffusion coefficients could be measured to better than 
f5%. The relaxation times of the molecular weight dependent 
components for the three largest molecular weights were also mea- 
sured by optical mixing at a scattering angle of 2'. In order to en- 
sure that scattering from the cell walls would not be significant, a 4 
cm diameter cell and a series of pinhole aperatures and light traps 
were used. The 2' scattering angle was chosen because of the in- 
creased power per coherence area that is available at low scattering 
angles. Count rates of over 5 X lo6 counts/sec could be achieved al- 
though all but -5-15% of this intensity was due to some combina- 
tion of solvent scattering, multiple scattering, and polarizer leak- 
age. The effect of this extraneous scattering on the observed spec- 
tra is discussed in section IV. In order to increase the signal-to- 
noise ratio, the autocorrelator was operated in the clip mode. 

Total integrated intensities were measured by focusing the scat- 
tered light (at a scattering angle of 90') through the filter and po- 
larizer directly on the photomultiplier tube. The intensity was 
read directly from the photon counter; the reported intensities are 
the average of several runs. All intensities were measured relative 
to the depolarized intensity of CCld whose Rayleigh ratio (RvH) at 
4880 8, was taken to be 2.83 X lo-' cm-'. This number was ob- 
tained by interpolating the data of Patterson and Flory2 to our ex- 
perimental conditions. Rayleigh ratios are proportional to the inte- 
grated intensities given in eq 8 and 9. The polarized intensity 
(Rvv)  of CC14 was also measured and the ratio of polarized to de- 
polarized intensity was found to be 63 f 3 in good agreement with 
the ratio calculated using previously determined values of Rvv and 
the above value of RVH (61 i 3). The intensities were corrected for 
multiple scattering and stray light by subtracting the number of 
photocounts obtained from the sample volume directly below or 
above the beam. This correction increased monotonically with in- 
creasing Rvv and was negligible for samples with M _< 37,000. It 
was found in the spectra that there was an excess intensity in the 
wings over that due solely to the solvent (CC14). This excess inten- 
sity was found to be roughly 10% of the total excess intensity. We 
attribute this excess to collision induced scattering (see section 
IV). The corrected depolarization ratios range from 80 X low4 to 

-1 X and decrease monotonically with M. These were com- 
pared to depolarization ratios measured by comparing the polar- 
ized and depolarized spectra. There was good agreement provided 
it was assumed that the narrow and broad components had equal 
intensity (see section IV). 

The polystyrene samples were obtained from Pressure Scientific 
Co. They were prepared by anionic p~lymerization.~~ The ratio 
M,/M, ranged from <1.06 to d .20.  Solutions were filtered 
through 0.2 1 Alpha Metrecel filters to remove dust. Intrinsic 
viscosities were measured in a Cannon-Ubbelohde viscometer and 
were extrapolated to infinite dilution. They were reproducible to 
f3%. Temperatures at which spectra were obtained were con- 
trolled to f1' by a Lauda temperature bath. 

IV. Results and Discussion 
The molecular weight dependence of the intrinsic viscos- 

ity and translational diffusion coefficients in CC14 are 
shown in Figure 1. The experimental data fit the following 
equations 

[q] = 0.0174M0*69 cm3/g M 2 19,800 

1771 = 0.103M0*51 cm3/g M < 19,800 

D = (1.91 x 10-4)M-0*55 cm2/sec M > 19,800 

D = 8.31 x 10-5M-0*48 cm2/sec  M 5 19,800 

These values are typical for flexible coils in a good solvent 
like cc14. Both determinations give similar values for R,  
when the theoretical values for (and (f (see T a n f ~ r d ~ ~ )  are 
used, except for the smallest M where R, determined from 
diffusion is larger than that determined from intrinsic vis- 
cosity. 

The  corrected excess polarized and depolarized scatter- 
ing intensities for the polystyrene solutions are given in 
Table I along with the 1 + F values. Cumene was used to  
estimate the scattering intensity of the monomer unit. The 
scattering from the 14% cumene solution in C C 4  was cor- 
rected for collision induced scattering35 (roughly 45% of the 
excess scattering is due to collision induced scattering). 
Due to  the uncertainties in the refractive index correction25 
we have reported the absolute values of m V H / C  at 4880 A. 
These values are proportional to  ( r2) /n  which is the usual- 
ly reported quantity. Fourche and Jacq reported values of 
m V H / C  from 30 to  40% higher than ours at each value of 
M.3  They failed to correct for collision induced scattering 
(10% of the excess scattering). The rest of the discrepancy 
could be due to Raman scattering, fluorescence, polarizer 
leakage, multiple scattering, and calibration errors. Our 
values of 1 + F can be compared to  those calculated by To- 
nelli and Flory using RIS theory.36 Their calculations indi- 
cate that 1 + F is a constant between 2.5 and 3.0 for M > 
5000. Our experimental values level off around M = 19,800 
a t  -3.0 and increase further for M 1390,000. Much of this 
increase at high M could be due to  experimental errors 
such as failure to  correct completely for multiple scatter- 
ing. Some of this increase could also be due to  the increas- 
ing importance of form anisotropy at high M. Thus, after 
accounting for the large experimental error a t  high M and 
the possibility of form anisotropy, the experimental values 
of 1 + F are reasonably similar to those obtained from RIS 
calculations. 

All of the spectra measured by interferometry in ccl4 
and TCE except those for M = 2200 and 4000 were found 
t o  fit well to  the sum of two Lorentzians convoluted with 
the instrumental line shape. The narrow component is 
highly molecular weight dependent while the broader com- 
ponent has a relaxation time that is fairly independent of 
M.  The values of the relaxation times in cc14 and benzene 
are given in Table 11. Although there was qualitative evi- 
dence for the presence of a broad component in the spectra 

(11) 
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Table I 
Integrated Intensities 

(ARvv/c) (ARvH/c) 
ill x 10-3, c x 1 0 2 ,  x io2,* x 105, 

g/mol g/cm3 cm2/g cm2/g 

0.12b 11.6 0.335 * 0.015 
2.2 5.94 0.103 0.85 f 0.05 
4.0 2.99 0.174 0.86 * 0.05 

10.0 1.99 0.44 0.94 f 0.1 
19.8 0.99 0.89 0.10 i 0.15 
37.0 1.00 1.40 1 .20 f  0.15 
97.2 0.99 2.47 1.15 * 0.15 

390.0 0.403 8.2 1.5 * 0.3 
670.0 0.301 11.5 1.8 f 0.5 

2000.0 0.103 33.5 2.5 f 1.0 
Reproducible to bette;than f5%. Cumene. 

1 + F  

1 .o 
2.2 i 0.2 
2.2 i 0.2 
2.4 * 0.3 
2.85 i 0.4 
3.1 f 0.4 
2.95 f 0.4 
3.8 f 1.0 
4.5 f 1.5 
3.8-9 .O 

20 

15 

10 

I 1 I I 
5 L  35 40 45 50 5 5  60 

Log M (g/mole) 

Figure 1. Log 1771 (0) and log D (0) vs. log M.  The lines are least- 
squares fit to the data at high and low molecular weights. 

Table I1 
Relaxation Timesa 

,\/I x g/mol T , ,  nsec Ab 72int  ,' nsec (1 + ~ ) 7 , ,  nsec 

2.2 1.2 * 0.1 0.26 f 0.02 2.6 * 0.7 
4 .O 2.6 f 0.3 0.26 i 0.03 2.6 i 0.7 

10.0 10.5 i 2.0 0.23 i 0.04 3.2 i 1.0 2.9 f 0.8 
19.8 29.0 i 3.0 0.24 i. 0.02 3.5 * 0.5 3.4 * 1.0 
19.8d 20.0 + 3.0 0.27 f 0.04 
37.0 78.0 i 15 0.22 i 0.04 3.6 f 1.0 3.7 f 1.0 
97.2 22  50 20.15 4.5 f 1.0 3.5 f 1.0 
97.2d 2170 20.15 

4.6 i 1.8 390.0 -4.5" -0.24 5.7 f 2.0 
670.0 -lO.oe -0.24 5.7 f 2.0 5.4 i 2.5 

2000.0 -73 .O" -0.24 5.0 i 1.5 4.0-12 
2000.0d 21 70 

=In C C 4  unless otherwise noted. (I r1 = A(M[~]770/Na, ken. c l /rzi" '  = (1/r2) - (1/~1). In benzene. e In psec; see text for further dis 
cussion. 

of the polystyrenes in benzene, it was impossible to deter- 
mine quantitatively a line width for this component be- 
cause of the strong depolarized background scattering from 
benzene. A typical spectrum with the two best fit compo- 
nents is shown in Figure 2. The line width of the broad 
component was determined by fitting the wings of the ex- 
perimental spectrum (where the narrow component is neg- 
ligible) to  one Lorentzian. The spectra for M = 2200 and 
4000 fit well to  one Lorentzian because the molecular 
weight dependent relaxation time (which can be associated 
with an overall tumbling time) has become shorter than the 
second relaxation time. The second relaxation time in 
Table 11, T @ ,  has been corrected for the broadening 
caused by overall tumbling (or slow intramolecular relaxa- 
tion) by the following expression: 1 / ~ 2 ~ ~ ~  = (l/r2) - ( l / ~ d ,  
where 7 2  is the experimentally determined relaxation time 
of the broad component and q is the relaxation time of the 
narrow component. This is in general a small correction 
compared to the experimental error in 72. The temperature 
and viscosity dependence of qint is shown in Table 111. The 
error limits reported in Tables I1 and I11 are conservative 
estimates made by varying the fitted parameters to  the 
spectra. 

The experimental ratio of intensity in the narrow to that 
in the broad component ranged from 1:l at low M to 4:l at 
the high M.  We have already noted that  a t  the higher M ,  
multiple scattering becomes more important. Both this 
scattering and stray laser light and polarizer leakage con- 
tribute solely to the narrow component. We have noted 
that the depolarization ratio as determined by the integrat- 

ed intensities and the spectra agree if we assume that the 
intensities in the two components are roughly equal a t  all 
values of M.  The effect of this multiple scattering on the 
spectra a t  high M is to make it more difficult to determine 
7pint .  This is reflected in the larger errors reported in 7zint 

a t  high M.  At high M (>97,200) the relaxation time of 71 

becomes so long that it is impossible to resolve it interfero- 
metrically from the instrumental line shape. These slow re- 
laxation times of the narrow component were measured by 
optical mixing for the three highest M samples. A typical 
correlation function obtained in 2 hr of data sampling is 
shown in Figure 3. The signal-to-noise ratio can be seen to 
be much lower than for the spectra obtained in a few min- 
utes by interferometry. Of course the amount of depolar- 
ized scattering, ARvH, was smaller a t  high M because of the 
lower concentrations used. 

Narrow Component. The molecular weight dependent 
component has a single relaxation time that can be de- 
scribed accurately by eq 5 (for all M I 97,200). The value 
of the constant A is 0.24 f 0.02 as shown in Table 11. This 
value of A falls between one-half of the free draining and 
nondraining limits of the longest wavelength Rouse-Zimm 
relaxation time (0.21-0.31). 

According to Isihara,21 eq 6 and 7 are equivalent; how- 
ever, our data indicate that eq 7 is more successful in pre- 
dicting 71 .  Equation 6 predicts values of 7 1  about a factor of 
2 too long while eq 7 predicts values that are essentially 
within experimental error. Our experimental value of A 
agrees well with the value (0.2-0.3) determined by Huang 
and Frederick by isotropic light scattering for a polystyrene 
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Table I11 
Viscosity and Temperature Dependence 

of 7zint for M = 19,800 

FREQUENCY I N  MH, 

Figure 2. Experimental spectrum of 1% solution of M = 19,800 
polystyrene in CCb. The narrow component is given by - - - , broad 
component by - - -, and the dots are the best fit sum of the narrow 
and broad component. The instrumental full width is given by 
-4 +. 

with M = 27 X 106.5 I t  also agrees with the value (0.26 f 
0.02) determined by EPR a t  very low molecular weight.12 

The depolarized autocorrelation functions of the three 
highest M samples as measured by optical mixing consist in 
general of three components: a spike a t  zero time; a molec- 
ular weight dependent component with relaxation times 
ranging from 4 to 50 psec; and an extremely slow compo- 
nent (>1 msec). The spike a t  zero time is due primarily to 
the scattering from the broad component and the depolar- 
ized solvent scattering which together make up about 70% 
of the total depolarized scattering. Since the spectral distri- 
bution of these components is very broad, the correlation 
function is a spike a t  zero time. This spike and instrumen- 
tal distortion a t  very short times made it impossible to de- 
termine the autocorrelation function a t  times <2 psec. The 
very slow relaxations are probably due to multiple scatter- 
ing or polarizer leakage and are highly sensitive to optical 
alignment and polarizer setting. These slow relaxations act 
as local oscillators. Thus the observed spectra will consist 
of the sum of heterodyne and homodyne components. By 
measuring the intensities of the molecular weight depen- 
dent component and the very slow component it is possible 
to  estimate the fraction of heterodyne component. This 
fraction varied from 0.0 to 0.6 depending on the sample and 
the optical parameters mentioned above. If (a,,(t)ay,(0)) 
relaxes as a single exponential (with decay constant T), 
then the observed spectrum should consist of the sum of 
two exponentials whose decay constants are 7 (heterodyne) 
and 7/2 (homodyne). The spectra for M = 390,000 and 
670,000 fit well to such a sum when 7 is given by eq 5 with 
A = 0.24 in agreement with the value of A found for the 
lower M by interferometry. Thus the molecular weight de- 
pendent components of depolarized spectra are determined 
predominately by the relaxation of the longest wavelength 
Rouse-Zimm mode. Although the spectrum for M = 2 X 
lo6 could also be fit to this sum, there was an excess inten- 
sity observable a t  short time (<15 psec) in this spectrum. 
This will be discussed further below. Due to the poor sig- 
nal-to-noise ratio and the difficulty in estimating the frac- 
tion of heterodyne component, it was impossible to deter- 
mine A to better than f30% for these molecular weights. 

The experimental result that  the molecular weight de- 
pendent component of the spectrum is dominated by one 
relaxation time is in apparent disagreement with the pre- 
diction of Ono and Okano who predicted an equally weight- 
ed sum of several Lorentzians.10 None of the spectra could 

7zint/v, 
Solvent T ,  "C 7 7 ,  CP 72int, nsec nsec/cP 

CC1, 22 0.94 3.5 i 0.5 3.7 i 0.5 
TCE" 22 1.84b 6.5 i 0.5 3.53 i 0.3 
TCE 35 1.3gb 4.5 i 0.5 3.23 i 0.3 
TCE 50 1.13* 3.0 i 0.5 2.65 i 0.3 
TCE 65 0.95b 2.5 i 0.5 2.63 f 0.3 

1,1,2,2-tetrachloroethane. *E. D.  Washbum, Ed., "In- 
ternational Critical Tables", Vol. 111, McGraw-Hill, New York, 
N.Y., 1928, p 213. 

a TCE 

I I I I 1 

0 100 200 
p SEC 

Figure 3. Experimental autocorrelation function of 0.1% solution 
of M = 2 X lo6 polystyrene in CC14. The - is the best fit to eq 12 
with r1/2 = 73 nsec ( A  = 0.24). The - - - is the fit with m = n = 1 
term only. 

be fit to an equally weighted sum of several Lorentzians. 
The experimental values of the slow relaxation times are, 
however, approximately equal to one-half the Rouse-Zimm 
relaxation times in agreement with their prediction.1° This 
discrepancy in the form of the spectrum is surely due to the 
choice of the Kuhn-Grun expression for the optical anisot- 
ropy of a Rouse submolecule in the Ono and Okano calcula- 
tion. 

Stockmayer and solc and coworkers have found that 
flexible chains in solution are, on the average, highly non- 
spherical.22 (This might explain the apparent presence of 
form anisotropy.) Stockmayer and Verdier and coworkers 
have calculated some dynamical properties of a chain con- 
strained to lie on a cubic l a t t i ~ e . ~ ~ ~ ~ ~  They found that the 
mean square end to end length ( 1 2 )  relaxation is domi- 
nated by the longest wavelength Rouse-Zimm mode with 
weaker contributions from the odd shorter wavelength 
modes. For a free draining Rouse-Zimm chain 

where 71 is given by eq 5.  This is in substantial agreement 
with the Monte Carlo results. Roughly 75% of the intensity 
is in the m = n = 1 term. Hence the relaxation is roughly 
one-half of the relaxation time of the longest wavelength 
mode. For this lattice changes in l 2  and cyyz  are closely re- 
lated. In order to show this we have calculated 
(a,,(t)a,,(O)) and ( P ( t ) L 2 ( O ) )  for a n  = 6 chain on a cubic 
lattice using the technique of Kranbuehl et al.24 For sim- 
plicity we have assumed that the polarizability of each 
bond is cylindrically symmetric. As can be seen from Figure 
4 the two correlation functions are essentially identical for 
this chain. The experimental values of (ayz(t)a,,(0)) for 
the three highest M ' s  are also in good agreement with eq 
12. The correlation functions for the three highest M fit 
well to eq 12 when AI = 0.48 (thus the dominant m = n = 1 
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Figure 4. Monte Carlo autocorrelation functions ( A ( t ) A ( O ) ) ,  A = 
aYz (O), and A = 1* ( X )  for an n. = 6 chain on a cubic lattice. One 
thousand cycles were used to compute the functions. 

term has a relaxation time given by eq 5 with A = 0.24). I t  
should be noted that the higher order terms in eq 12 con- 
tribute significantly to the correlation function when t > 2 
psec only for M = 2.0 X lo6. The f i i  including the higher 
order terms is significantly better in this case (see Figure 3) 
than is the fit which includes only the m = n = 1 term. 
These higher order terms could be present in the lower M 
samples. Such a contribution would be very difficult to de- 
tect by interferometry for three reasons: (1) the presence of 
the broad molecular weight independent component; (2) 
the difficulty of deconvoluting these narrow lines from the 
instrumental line shape; and (3) the difficulty of fitting a 
spectrum with a weak broad component to more than one 
Lorentzian. The function as determined by optical mixing 
is more sensitive to a weak short relaxation time compo- 
nent in the presence of a strong slow component than is the 
spectral distribution as determined by interferometry, de- 
spite the superior signal-to-noise ratio of interferometry. 
Neither the Monte Carlo calculations nor Ono and Okano’s 
calculation predicts the observed molecular weight inde- 
pendent part, although it would be an easy matter to in- 
clude it in the Monte Carlo calculation by allowing jumps 
of more than one lattice point a t  a time. 

Han and Yu have obtained spectra of isotactic polysty- 
rene of molecular weight 3.5 X lo6 over the frequency range 
0 to 2 kHz by optical-mixing spectroscopy.6 The signal-to- 
noise ratios in their spectra were such that they could each 
be fit equally well by one Lorentzian or by a sum of equally 
weighted Lorentzians with the Rouse-Zimm relaxation 
times. Thus, their experiments are not precise enough to 
distinguish between the various theories of relaxation that  
we consider here. 

The relaxation time they obtained from their one Lo- 
rentzian fit to the spectrum of their most dilute sample is 
consistent with our value of 71. Han and Yu could not in- 
vestigate fast local relaxation processes (7 < sec) be- 
cause of the limited frequency range of their apparatus. 

Broad Component. The lack of a strong M dependence 
of the broad component observed in the spectra of M > 
4000 is an indication that this component is due to some 
kind of local intramolecular motion. The dielectric relaxa- 
tion experiments also measure a molecular weight indepen- 
dent relaxation time for para-substituted polystyrenes. It is 
found from these experiments that  T voe--\Hc’hT, Values 
of AH,  ranged from 2.8 kcal/mol for the C1 substituent to 
1.2 kcal/mol for the Br ~ubs t i tuent . ’~  As can be seen from 
Table 111, r2 In t  is also proportional to solvent viscosity with 

AHc = 1.5 f 1 kcal/mol. This is in good agreement with the 
value (2.1 f 0.5 kcal/mol) determined by EPR.l2 We can 
use known solvent viscosities and a AHc - 2 kcal/mol to 
calculate rS a t  22’ in C C 4  ( T O  = 0.94 cP) from the quan- 
tities determined experimentally by NMR and EPR.”J2 
Correcting to the temperature and viscosity conditions 
used in our light scattering experiments gives T E P R  = 1.1 f 
0.2 nsec and T N M R  = 1.3 f 0.3 nsec at  all values of M.  The 
average of these two numbers gives T~ = 1.2 f 0.2 nsec for 
these samples. Fluorescence depolarization measurements 
on polystyrenes substituted with 9,lO-diphenylanthracene 
give results in qualitative agreement with ours.37 In the Ap- 
pendix we present a model that predicts that SLS (in this 
case ~ 2 ~ ” ~ )  is equal to r,(l + F ) .  From Table I1 we note that 
r z i n t  is indeed approximately equal to r,(l + F ) .  This good 
agreement lends support to the results derived by use of 
the Mori formulation in the Appendix. I t  implies that the 
same motion that relaxes the NMR and EPR experiments 
also relaxes the optical anisotropy and it suggests that 
within experimental error the off-diagonal elements of N 
(see eq A2) are negligible. 

Finally we discuss the nature of this local intramolecular 
relaxation. Allerhand et a1.l1 have concluded from NMR 
results that internal rotation about the C-phenyl bond is 
slow. In addition Tonelli has calculated that the barrier to 
phenyl rotation about this bond is rather high in most con- 
f o r m a t i o n ~ . ~ ~  

I t  is possible that we are observing “crankshaft” type 
motions. Helfand has shown that the relaxation times of 
crankshaft and similar motions are independent of M and 
exhibit a temperature dependence of the form T a 
voe-AHc’kT, provided that the friction coefficient is large 
enough that motion over the barrier is diffu~ional.3~ This 
type of motion is consistent with the light scattering re- 
sults. A crankshaft motion would rotate the phenyl ring 
(which contains nearly all the optical anisotropy) 120’. 
This would alter the laboratory-fixed polarizability so that 
this rotation should contribute to the light scattering spec- 
trum. In addition the phenyl groups stick out from the 
chain and upon rotation displace significant amounts of 
solvent. Thus, the motion should be diffusional and exhibit 
the viscosity dependence we have observed p r e v i o ~ s l y . ~ - ~  
Although our results therefore indicate that the major con- 
tribution to the relaxation time of the broad component is 
due to rotation of the phenyl group about the main chain 
axis, we cannot rule out the possibility of contributions 
from rotations of the phenyl group about the C-phenyl 
bond axis. 

The dielectric relaxation times for p-C1- and p-F-substi- 
tuted polystyrenes corrected to 22’ and a viscosity of 0.94 
CP are 6 and 4 nsec, respectively.31 Assuming that the dif- 
fusion equation applies and that the quantity analogous to 
1 + F is between 0.5 and 1.0 for dielectric relaxation in 
these polymers, the dielectric relaxation time values listed 
above are in reasonable agreement with the other results. 
Mashimo et  al. have observed a high frequency dispersion 
in the dielectric relaxation of these  polymer^.'^ As we show 
in the Appendix it is unlikely that this dispersion is due to 
the collective nature of the dielectric relaxation process. 
Such a dispersion should show up as non-Lorentzian be- 
havior in the broad light scattering component. However, 
due to signal-to-noise problems and the presence of the 
narrow component, no such behavior could be observed in 
the depolarized spectra. 

V. Conclusion 
We have measured the depolarized Rayleigh spectra of 

atactic polystyrene in solution in the molecular weight 
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range 2.2 X lo3 to 2.0 X lo6. The spectra of the two small- 
est molecular weights fit well to one Lorentzian whose line 
width is related to the longest wavelength Rouse-Zimm re- 
laxation time. The spectra of the other samples contained 
two components of roughly equal intensity. The line width 
of the narrow component is again related to the longest 
wavelength Rouse-Zimm relaxation time, while the broad 
component is roughly independent of molecular weight. 
The integrated intensity measurements agree reasonably 
well with RIS calculations. The corrected relaxation time of 
the broad component, Taint, is approximately equal to the 
product of T~ and the integrated intensity ratio 1 + F in 
agreement with the results calculated using the Mori for- 
mulation. I t  is clear from these results that depolarized 
Rayleigh spectroscopy can be a valuable tool for studying 
the chain dynamics of polymers in solution. 
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Appendix 
Since the application of Mori’s statistical mechanical 

theory of fluctuations to collective orientational relaxation 
has been discussed e l s e ~ h e r e , ~ , ~ ~ , ~ ~  only the basic assump- 
tions and results will be presented. We assume that the 
only relevant slowly relaxing variables are the set of orien- 
tation tensors, (, associated with each of the individual 
phenyl groups of a single chain. The overall tumbling time 
(or slow long wavelength intramolecular relaxation time) is 
assumed to be much slower than the relaxation times of the 
individual phenyl groups which are all taken to be equal 
( T ~ ) .  Thus, the slowest relaxation processes are assumed to 
be so slow compared to the those of the local phenyl group 
motions that they do not relax a t  all on the time scale con- 
sidered. For simplicity we assume that the time displaced 
correlations between the first time derivatives of the orien- 
tation tensors of the different phenyl groups are negligible 
(see eq A2). Later we will relax this assumption. Finally we 
assume that the chains are in dilute solution so that there 
are no correlations between the chains. 

We define the static overlap matrix N 

and note that 

is1 j = l  

where n is the number of phenyl groups on a single chain. 
We next define the matrix N 

( A2) 

where k L ( t )  is the time derivative of { , ( t )  and t indicates 
that iL ( t )  propagates with the modified propagator.28 We 
have assumed that N is diagonal and that NLL = 1/~.. The 
equation of motion is given by 

d l ; /d t  = -r6 ( A3) 

where r = NN-l. The equation of motion can best be 
solved by taking Laplace transforms, with Laplace variable 
s of both sides of eq A3. We find 

( A4) 

( -45) 
The sum of all the elements in A is the Laplace transform 
of the collective correlation function. We can determine the 

iij = p t )  i j (0 ) ) t  dt  

S ( S )  = (si + n-l- C(O) 

A(s) = (sl + r)-’* N 

We define the matrix A(s), 

spectral density by setting s = i w  in eq A5 and taking the 
real part of the result. The problem then is to  determine 
the matrix A(s) from eq A5. 

We show how this can be done by working out an exam- 
ple which is somewhat unrealistic in our case but does serve 
to illustrate the procedure. We assume that N is given by 

N i i  = 1 

Ni , i* i  = a ( -46) 

where a may be interpreted as the static orientational cor- 
relation between nearest neighbor phenyl groups. This ma- 
trix is equivalent to the Huckel Hamiltonian for the elec- 
tronic wave functions of a noncyclic conjugated system. I t  
may be shown (see, for example, Kauzmann40) that there is 
a similarity transform, Q,  which diagonalizes N, where 

N i ,  = 0 (where j # i, i 1) 

kln 2 1 1 2  
QkI  = (rl) (-V+’ sin - n + 1 

The roots of the matrix N are Xk = 1 - 2a cos ( k r l n  + 1). 
It is easy to show that 

where 

= O  n - k = o d d  
( -49) 

After converting the Laplace transform, A / ( s  + 1/6), to its 
corresponding Fourier transform we obtain a Lorentzian 
with a half-width l /6  and an intensity A.  Thus the spectral 
distribution in this case is the sum of n Lorentzians; how- 
ever, from eq A8 and A9 it is easy to see that for reasonably 
large n the only components that contribute significantly 
are those for which k - n. Thus, to a good approximation 
for large n the spectrum consists of one Lorentzian whose 
relaxation time is given by T ~ X , ,  which from eq A6 may be 
shown to be nearly equal to r,(l + F ) .  

Equation A8 is, in fact, true in general provided that 
there exists a matrix Q which diagonalizes N. I t  is possible 
in this general case to show that the only components 
which contribute significantly to the spectra are those for 
which k N n by analogy with moleculiir orbital theory. The 
quantity Q k l  is the probability amplitude for the Ith atom 
in the ( n  - k)th energy level ( n  is the lowest energy level). 
The lower energy levels in general have the fewest nodes 
with the nth level having no nodes. Thus in the double sum 
in eq A8 all but the k = n level will consist of the sum of 
positive and negative terms which will tend to cancel. Thus 
only the nth level will contribute significantly and it fol- 
lows that 

7~~ X T S n  E 7,(1 + F )  

I t  is possible to calculate the spectra when N is not diag- 
onal provided that the same matrix Q that diagonalizes N 
also diagonalizes N. When this is true, it can be shown that 
for sufficiently large n, the spectrum consists of essentially 
one Lorentzian with a relaxation time given by 

T~~ = ~,[(1 + F ) / ( 1  + G)] (A1 1) 

where 1 + G is given by 
n n .  

1 + G = 7,*(l/dx C N i j  ( A 1 3  

In section IV we use eq A10 to relate the light scattering 
i.1 j -1  
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(20) J. G. Kirkwood and J. Riseman. J .  Chem. Phvs.. 17.442 (1949) broad component relaxation time to the EPR and NMR re- 
laxation times. 
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ABSTRACT: The configuration of a deformed polymer coil is described by a general distribution function, depend- 
ing on three parameters. The scattering law is given as a function of momentum transfer and parameter value. The 
relation between external constraint and parameter value is discussed and a clear interpretation from the scattering 
law diagram in the intermediate momentum range is predicted. 

The fact that  in the amorphous state polymer chains 
have random “Gaussian” configurations is now well estab- 
lished2* when no external constraint is applied. Obviously 
the observation of polymer configurations from neutron 
scattering experiments by mixtures of deuterated and pro- 
tonated chains is feasible as well with external constraints 
on the sample as without. I t  is therefore of real interest to  
determine how the scattering law is modified by the onset 
of constraint and to find a formulation which is general 
enough to cover most cases of interest. 

In order to do so we consider the following expressionzb 
for the distribution function of the distance r between seg- 
ments i and j of a chain in the deformed state 

where X ,  Y,  Z are the components of vector r, and l 2  is the 
mean squared length of the elementary step in the chain 
without constraint. The principal axes of the deformation 
are the f t ,  ?, 2 axes. The constraint factors are AX, Ay, XZ. 
The lengths Xijo, Yi;O, Zijo are the coordinates of the aver- 
age end-to-end distance Ii - j l .  The random “Gaussian” 
chain corresponds to the case where 

and 

For the purpose of carrying out the calculations in the next 
paragraph, we assume that the A, ( a  = X ,  Y,  2)  are inde- 
pendent of the pair i , j  and that 

A, = A, = A, = 1 

X i j 0  = y .  .o = Z i j 0  = 0 
I J  

Yij0 = (i - j ) b y  
z i j  = (i - j ) b ,  

(2 ) 
0 

These hypotheses correspond in fact to classical modes of 
deformation, which are discussed in the last paragraph. In 


